Abstract| In this note a continuous feedback control law with time-periodic terms is derived for the control of nonholonomic systems in power form. The control law is derived by Lyapunov design from a homogeneous Lyapunov function. Global asymptotic stability is shown by applying the principle of invariance for time-periodic systems. Exponential convergence follows since the vector elds are homogeneous of degree zero.
I. INTRODUCTION
Systems in power form have in the recent years been used to model the kinematic equations of nonholonomic mechanical systems as e.g. nonholonomic wheeled vehicles 1]. Two types of control laws have been derived to solve this problem which can not be solved with static state feedback, namely piecewise continuous and time-varying control laws. In this note time-varying control will be addressed.
Asymptotic stability with exponential convergence for systems in power form has been achieved using timevarying control laws by Pomet and 8], where asymptotic stability was obtained. This was done by making the closed loop vector elds homogeneous of degree zero. The control law of 6] were derived using Lyapunov arguments, with a Lyapunov function which was the solution of an implicit function that was solved at each sample of time. Also, with special relevance for the present paper, Pomet and Samson 2] derived a -exponentially stable control law by Lyapunov arguments using a nonnegative function, which was a Lyapunov function for all states but one.
The main contribution of this paper is that -exponential stability for systems in power form is achieved by Lyapunov design of a control law, where an explicit Lyapunov function for the complete system is used. Moreover, the Lyapunov function is closely related to the square of the homogeneous norm, and can be given a relatively simple intuitive interpretation. A short version of this paper for 3 dimensional systems is given in 9].
The rest of this note is organized as follows. A few de nitions and a lemma regarding homogeneous systems follow in this section. In Section II the de nition of a system in power form is given and new control laws for systems in power form are derived and analyzed. Some illustrating simulations are also included.
Homogeneous feedback controllers are globally continuous and di erentiable almost everywhere. Previous applications of homogeneous functions, homogeneous vector elds, and dilations are found in 10] and 11]. A short review of these terms follows.
De nition 1 (Dilation) Let x 2 R n be given by x = x 1 ; x 2 ; : : : ; x n ] T . A dilation on R n is de ned by assigning n positive rationals (r 1 De nition 5 ( -exponential stability) The equilibrium x = 0 of the system _ x = f(t; x) is locally exponentially stable with respect to the homogeneous norm , if for some neighborhood U of the origin, there exist two strictly positive numbers c 1 and c 2 , such that (x(t)) c 1 (x(0))e ?c2t ; 8t 0; 8x(0) 2 U This is called -exponential stability to distinguish it from the usual de nition of exponential stability.
The following lemma will be used. Lemma 1 (From 10]) Let X(t; x) be a homogeneous degree zero vector eld. Then uniform asymptotic stability is equivalent to global -exponential stability.
II. CONTROL OF SYSTEMS IN POWER FORM
In this section a control law is derived from a Lyapunov function for systems in power form. The kinematical equations of various nonholonomic mechanical systems have recently been modeled by systems in power form 2]. The control problem is to nd control laws v 1 = 1 (t; x) and v 2 = 2 (t; x), which stabilize system (1). In this note time-varying continuous homogeneous control laws are derived, which stabilize system (1) -exponentially.
Remark 1: Su cient properties for conversion of systems _ z = X 1 (z)u 1 + X 2 (z)u 2 to power form via di eomorphic state and input transformations are given in 12].
A dilation for systems in power form is given by x = ( x 1 ; x 2 ; 2 x 3 ; : : : ; n?1 x n )
A homogeneous norm for this system is given by Remark 2: The vector z(x) is de ned 8x 2 R n and is di erentiable 8x 6 = 0 .
To derive a control law by Lyapunov design, a state transformation x 7 !x is introduced wherẽ x = x 1 ;x 2 ; x 3 ; : : : ; x n ] T (7) x 2 = x 2 ? z T (x) (t) (8) (t) = h sin t; sin 2t; sin 3t; : : : ; sin(n ? 2)t] T (9) h is a scalar design parameter. 
The transformed system satis es the di erential equation (1) Remark 5: Note that the control law 1 (t; x) also can be written as Remark 6: Exponential convergencex 2 (t) =x 2 (0)e ? 2t follows from (10) and (14) _ x 2 = ? 2x2 (16) Remark 7: To ensure an analytic control law 2 given by equation (14) , the amplitude h of the time-varying function must be smaller than an upper bound. A conservative upper bound for h is derived in Proposition 2 in the Appendix for a given dimension n. . . . (13) and (14) give -exponential stability by De nition 5 of systems in power form (1) .
Proof: The proof of stability is based on the KrasovskiiLaSalle Theorem (e.g. Theorem 5.3.79 in 13]) for timeperiodic systems.
Consider the function V (t; x)= 2 (x), which is homogeneous of degree zero, time-periodic, and which is well dened 8x 6 = 0. Hence it is a strictly positive continuous function that lives on a compact set. From this it can be concluded that there exists two constant scalars 0 < k 1 k 2 , so that V is lower and upper bounded by k 1
Hence V is positive de nite, decrescent, and radially unbounded.
The set M R n where _ V = 0 is given by M = f x 2 R n ; 9t 0; such thatx 2 = q 1 = 0g(18) Note that whenever x 2 M, then x 1 and x i , i 2 f3; : : : ; ng, are constants. This is seen from (1), (4), (6) Assume now that M contains a non-zero solution x 6 = 0 , where x 1 , x i , i 2 f3; : : :; ng are all constants and x 2 (t) is time-varying. The case z = 0 implies that both x 1 = x 2 = 0 in M, so the case to consider is when z 6 = 0 .
In Proposition 3 in the Appendix it is shown that if x 2 is a constant, then (z = 0 ), i.e. x 2 is not a constant in M when z 6 = 0 . Global uniform asymptotic stability of the origin is established by the principle of invariance, since the trivial trajectory is the only trajectory contained in M. -exponential stability follows by Lemma 1, since X(t; x) is a homogeneous degree zero vector eld. This concludes the proof of Theorem 1.
Remark 8: In this proof it is clearly demonstrated why the time-periodic terms appearing in the control law make the system -exponentially stable. The property that the periodic functions are linearly independent with respect to time, is used directly.
Remark 9: An extension of the results to the dynamic case, i.e. with integrators added to the inputs, can be made by applying a method proposed in 14]. 
